residence time, hr.

time, hr.

crystallizer volume, liters
kinetic order

particle density, g./cu. mm.
suspension density, g./liter
= dimensionless time

sub o = steady state

Il

P T W < N
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The Numerical Solution of Boundary-

Layer Problems

D. D. FUSSELL and J. D. HELLUMS

Rice University, Houston, Texas

A new method for numerical solution of boundary-layer problems has greater applicability
as well as greater speed and accuracy than the several previously proposed methods. The
method uses the Goertler-transformed equations and a nonlinear finite-difference procedure. In
most eorlier work on difference methods the equations have been linegrized at each step
parallel to the boundary. The method of treatment of the boundary conditions on the equation
of change for energy or mass transfer is shown to have an important influence on accuracy,
and a new, more accurate method of treating boundary conditions involving the normal derivative

is presented.

Typical complete solutions are compared with the several methods. The solutions include
both similar and more general flows up to separation, as well as coupling between the momentum

and energy-balance equations.

The boundary-layer problems of most interest today
involve high temperatures, large variations in physical
properties, ionization, chemical reactions, and other phe-
nomena that greatly complicate the application of series
expansions or other classical methods of solution. Interest
has increased therefore in recent years in the development
of numerical methods of general applicability. One such
method that holds important advantages over previously
proposed methods is Fresented here, with a number of
comparisons with results from previously proposed meth-
ods. One of the interesting results of the work is that a
nonlinear finite-difference procedure was finally adopted
as being much more efficient and accurate than proced-
ures of the usual type, where the difference equations are
linearized at each step in the procedure.

Hartree-Womersley Methods

A well-known class of methods is based on the procedure
of Hartree and Womersley (9), used with some success
long before the advent of the modern digital computer.
This method, with certain modifications, has been used
and advocated by several workers (14, 17 to 19). The basic
idea of Hartree and Womersley was to approximate the deriv-
atives with respect to the X direction by using divided differ-
ences and to leave the derivatives in the Y direction in dif-
ferential form. Hence, the procedure involved the solution
of a system of ordinary differential equations at each X step
as the solution was propagated in the positive X direction.
The ordinary differential equations are solved by the well-
known techniques for integration of initial-value problems.
The method of satisfying the boundary conditions is a great
disadvantage of the Hartree-Womersley methods. Conditions
at the outer edge of the boundary layer are satisfied by as-
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suming sufficient additional conditions at the boundary to
make integration possible as an initial-value problem starting
at the boundary. The computed values of the functions at the
outer edge are then compared with the desired values, the
assumed conditions are corrected, and the procedure is re-
peated until the outer conditions are satisfied. This technique
of satisfying the boundary conditions has been found (17,
18) satisfactory in classical boundary-layer problems where
the momentum and energy-balance equations are uncoupled,
since a single condition is imposed at the outer edge. How-
ever, since two or more exterior conditions must be satisfied
simultaneously, the procedure is cumbersome in problems in-
volving a coupled energy balance and one or more diffusion
relationships.

Smith and Cutter found the Hartree-Womersley method
applicable only for grid spacings where AX was larger than
X/25 at all grid points; for smaller values of AX the solutions
diverged, giving clear evidence of instability. The method
cannot be considered generally applicable because of the sta-
bility problem, even though it gave reliable results in several
applications. (17, 18, 19).

Finite Difference Methods

The second class of methods includes all those that might
be designated finite-difference methods. All derivatives are
approximated by divided differences. The solution is propa-
gated in the positive X direction by solving the resulting sys-
tem of algebraic equations at each X step. Hence, the bound-
ary conditions are satisfied in the basic algebraic procedure.
Of the many possible difference methods, prior workers on
nonlinear differential equations have almost invariably selected
those in which the difference equations are made linear at
each step in the procedure. Such a selection, which greatly
simplifies the algebraic procedure, has been found satistactory
in many cases.
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incompressible, steady state equations.

Explicit schemes of calculation studied and advocated by
several workers (1, 20) appear suitable for certain problems
involving a zero or a favorable pressure gradient; however, it
became clear early in this work that any explicit method
would be inadequate for solving problems involving an ad-
verse pressure gradient due to the severe limitations in step
size. The principal problem is, without exception, that the
explicit methods involve requirements for stability of the form
AX/{UAY)*] < 1 at all interior points. In free-convection
problems, as well as in problems with adverse pressure gradi-
ents, this velocity component approaches zero at some interior
points. Hence, the permissible X step size must approach zero
and the schemes fail. It was therefore concluded from these
preliminary studies that some implicit method would be re-
quired for general applicability.

The Goertler Transformation

Considerable attention was given to determining the form
of the boundary-layer equations most suitable for numerical
solution. Studies were carried out on the untransformed equa-
tions, the Crocco-transformed equations, the Howarth-Dorod-
nitsyn—transformed equations, and the Goertler-transformed
equations. The Goertler transformation (8) was found to have
important advantages in that the Goertler-transformed equa-
tions reduced to the Falkner-Skan or similar equations when
the form of the exterior flow permitted a similarity transforma-
tion. Hence, in the Goertler plane the values of the dependent
variables are independent of distance parallel to the boundary
in similar flows. In more general flows the profiles and the
boundary-layer thickness change relatively little with distance.
This behavior greatly improves the accuracy of the numerical
procedure for a given amount of computation.

In working with the untransformed equations, we found
that in some cases results were strongly affected by the choice
of initial profiles and by the particular method chosen for
treating the continuity equation. Such a difliculty might be
anticipated a priori, since, as is well known, the leading edge
is a singular point in the boundary-layer equations, and,
strictly speaking, there is no “correct” initial profile in the
physical plane. Some workers (I, 5) have dealt with this dif-
ficulty by considering only flow geometrics with similar initial
regions, a solution which enables them to obtain exact start-
ing profiles at some distance removed from the singular point.
Other workers (5, 20) have used approximations for the initial
profiles at the leading edge. These difficulties are absent in
the Goertler plane, since the continuity equation is absent and
the initial profile, regardless of the flow geometry, is the similar
flat-plate profile.

The Differential Problem

Of the several problems considered in evaluating the
procedure, primary attention was given to the external
How given by U,(X*) = U, — aX¥®, where U, and a are
constants. This flow was selected because it is of the
general, nonsimilar type and yields an adverse pressure
gradient with the resulting complication of boundary-layer
separation. As flows of this type have been studied pre-
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viously (11, 13, 17, 18), comparison with prior work is
possible. The flow can be given the physical interpreta-
tion of flow over a negatively inclined plane or of flow
over a flat plate in a diverging channel.

An extensive study was made of problems involving
coupling between the energy and momentum equations,
including the complications of viscous dissipation and
variable physical properties, since problems this difficult
are of most interest. The difference equations for this
class of problems, however, are quite lengthy, even in
abbreviated notation. Therefore, to avoid obscuring the
basic simplicity of the method, the more general equa-
tions are relegated to the Appendix, and this presentation
will focus on the simpler case involving constant physical
properties. The basic procedure to be illustrated requires
relatively little modification for application to the bound-
ary-layer equations in a much more general form.

The two-dimensional form of Prandtl’s boundary-layer
equations for incompressible flow is

U av
ax T oy (1a)

U aU du, U
_ —_—=U, — + — 1b
Vs tVar x T (1b)

The Goertler-transformed equation for this case is
hﬁﬂﬂ + hhﬂﬁ + X(‘a) (1 - haz) = 2a(hﬂhﬁa - hﬁﬁha) (2)
with the conditions

BZOZ h=hg=0 hg»l (8)

The wall boundary conditions correspond to the usual no-
slip and no-suction or blowing conditions. At the leading
edge of the body Equation (2) reduces to the ordinary
differential equation:

B—> 0

hass + hhgy = 0 (4)

For certain flow geometrics, the stream functions h be-
come independent of « and the principal function A is con-
stant. For these flow geometries, the Goertler-transformed
equation reduces to the Falkner-Skan equation

hags + hhgs + ) (I~ hﬁz) =0 (5)

which is also a similar type of equation. For the similar
equation and the Falkner-Skan equation, the boundary
conditions are given by Equation (3). These two equa-
tions allow one to start the numerical solution at the
leading edge of the nonsimilar region of the flow geom-
etry, thereby eliminating the calculations for similar ini-
tial regions.

1.6 FINITE DIFFERENCE FORMS:
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Fig. 2. Wall-shear variation with tangential distance, incompressible,
steady state equations.
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The compressible-flow problem studied corresponds to
the same physical situation but at high velocity, where
viscous dissipation and variations in physical properties
become important. Two boundary conditions were con-
sidered: the simplest case, in which the wall temperature
was specified, and the case of the adiabatic wall.

THE DIFFERENCE METHOD

In prior work on difference solutions of nonlinear dif-
ferential equations, it has often been the practice to
linearize the equations at each step in the procedure to
facilitate solution of the system of equations. The disad-
vantage of such a technique lies in the fact that the re-
sulting difference equations are not “centered”, and hence
the results are less accurate for a given step size than the
corresponding nonlinear centered scheme. A number of
linear and nonlinear centered methods were studied in this
work, and a nonlinear method was devised that holds
important advantages over the other methods. The addi-
tional computation required to solve the nonlinear alge-
braic problems was much more than offset by the im-
provement in accuracy. For a given accuracy the non-
linear method can use larger step sizes so that the amount
of computation actually required is less than for linear
methods.

The Difference Equations

Consider a difference mesh such that (I — 1)Aa = «
and (k — 1)ag = B, where it will be recalled that « de-
notes distance measured parallel to the boundary and 8
distance normal to the boundary in the Goertler plane.
I = 1 denotes the initial position or leading edge and
k = 1 denotes the boundary.

In the difference procedure the values of the dependent
variables are regarded as known along the mesh columns
I,l1—1,1—2...1, and the difference equations are used
to compute the values of the variables on the mesh col-
umn ! + 1. In this way the solution is propagated from
the initial profile in the direction of increasing «.

The presentation of the difference equations will be
simplified by using parentheses to denote the central
divided difference analog of normal direction derivatives;
for example (h) denotes hs, and (h,) denotes (hia —
i xa) /2A8. The nonlinear difference equations are solved
by an iterative matrix-inversion procedure. Primes de-
note the iteration level and the mesh column, or I level,
as indicated below. .

1. No prime denotes the known values at the ()"
level.

2. One prime denotes the known values at the (I + 1)*
level. These correspond to the values of the dependent
variables calculated in the previous iteration.

2.6 Exact Storting Profiles
281 «x X b3 x X

Treatment of Boundary Conditions:
/’“}Cememd

N
w
>
o
T
o
x
3
-
&
4
a
=
E
a

[
—

FINITE DIFFERENCE FORMS

X Centered linear implicit
[ Linear implicit
ax=250x10"%
Ay=4.6576 x 0”7

%=0.046576
Npy= 1.0

L

iy Adiobatic Wall Enthalpy
P
—

sl g L

00l 0.02 0.03 0.04 Q.08

X, Tangentiaol Distance

Fig. 3. Adiabatic-wall-enthalpy variation with distance, Howarth-
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3. A double prime denotes the values at the (I + 1)*
level and the new iteration, that is the unknown values.

The Goertler stream function h depends on « and B.
However, at « = 0 the equation reduces to the ordinary
differential equation, Equation (4), which is solved to
yield the initial profile. The difference equation for the
initial profile is

(R5s6) + (B) (h7s) =0 (6)

The iterative procedure indicated by Equation (6) was
found to converge rapidly, independent of the choice of
starting values. A linear starting profile was used in most
of the work.

The initial profile is propagated downstream with the
complete difference equation that approximates the
Goertler boundary-layer equations

2
(1Wsse) + (B) (B7ss) =N (W) (B75) — — [(e) (W) +

(@) (ha) 1(W75) +—A2: [(«) (W) + (@) (hee) 1(H") =

2
— L) + )1+ (1) (h)* — haga — (h) (o) —

2
[(«) (Ws) + (a) (he) 1(he) +——

[(a) () + (@) (Hm)T(R) (7

The Crout-Banachiewicz algoritbm (10) for a penta-
diagonal matrix is used to solve the system of algebraic
equations common to the similar equation and the Goert-
ler-transformed equations. Successive matrix inversions, as
indicated, lead to rapid convergence of the iterative pro-
cedure in all cases. At each step the iteration was termi-
nated when the value of h near the wall changed less
than 10™° per iteration. The results of studies using differ-
ent criteria indicate that the requirement of agreement to
within 107 is unnecessarily restrictive for most purposes.
A criterion of 10™ yielded results accurate to at least
three significant figures.

Complete solutions including separation required less
than 1 min with the Rice University computer. Compres-
sible flow problems required approximately 5 min. There
was some difficulty in comparing the data with prior work
on different machines; however, it seems clear that the pro-
posed method is at least one order of magnitude faster
than previously proposed methods. Speed of computation
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is, of course, an extremely important factor in problems
involving transients or three-dimensional boundary layers.
The Rice University computer is similar to the IBM 7040
in speed of computation. The computer time requirements
given above are for a 100(8) by 200 («) grid.

Treatment of Boundary Conditions

The momentum and energy balances for the untrans-
formed and for the Howarth-Dorodnitsyn—transformed
compressible boundary-layer equations are both second-
order, nonlinear, partial-differential equations. Linear
finite-difference equations used in prior work to approxi-
mate these equations can be solved simultaneously at each
step with the Crout-Banachiewicz algorithm (15) for a
tridiagonal matrix. Blottner (5) used this technique to
solve the equations. For wall boundary conditions of a
flux type such as an adiabatic wall condition i, = 0,
Blottner used a backward difference to approximate the
derivatives 4, and is5. The backward difference analog
yielded an expression for the wall enthalpy in terms of
parameters evaluated at the first mesh point above the
wall. In the present work a difference approximation was
developed that satisfies the momentum and energy equa-
tion at the boundary and has the additional advantage
that the difference approximation for the normal deriva-
tive is a central difference, consistent with the difference
approximations used throughout the flow field. The
method as developed for the untransformed and the
Howarth-Dorodnitsyn—transformed compressible equations
is given in reference 7 and the application of the method
to the Goertler-transformed equations is given in the Ap-
pendix. The treatment of the boundary conditions has an
important influence on accuracy, as will be shown later.

Stability :

The well-known Fourier series method of stability anal-
ysis was applied to a variety of numerical procedures.
The most important results on the recommended new
method are outlined below:

1. The momentum equations for both the incompres-
sible flow and the compressible flow were found to be
stable if the 4 component of the velocity in the boundary
layer is always less than or equal to the exterior velocity,
that is no “overshoot” within the boundary layer. In all
cases the growth terms are of order Aa, when it is as-
sumed that the principal function is bounded.

2. For problems in compressible flow involving the
energy equation, there is an additional requirement that
u remain positive. This restriction is of no consequence
since the boundary-layer equations are not applicable at
or past the separation point.
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3. All other methods analyzed seem to have the same
or more restrictive requirements for stability.

RESULTS

The most important result from the work, as outlined
above, is a new method of solving boundary-layer prob-
lems. A number of studies on related problems were car-
ried on in the course of the investigation; for example,
several problems in the time-dependent boundary-layer
equation were solved. These studies showed that extension
of the steady state methods to the transient case presents

no great difficulty. Complete details of the transient and

other studies are given in reference 7. The results pre-
sented below are all for the steady state.

Incompressible Flow

Figure 1 shows some typical results from a study on
accuracy of four methods of solution:

1. The linear, implicit method, in which the coefficients
in the difference equation are evaluated at the known «
level so that the algebraic procedure is linear at each step.
The derivatives with respect to 8 are approximated by
means of functions at the downstream level in a way
very much analogous to the Laasonen method (12) of
solving transient-conduction problems.

2. The nonlinear, implicit method, which is the same
as the first method except that the coefficients are evalu-
ated at the downstream « level. Hence, the algebraic
procedure is nonlinear at each step.

3. The centered nonlinear implicit method, in which
both the coefficients and the approximations to the deriva-
tives are averaged at the two « levels. This method is the
one recommended and described in detail earlier.

4. The linear, centered method, which is the same as
the recommended method, except that the coefficients are
evaluated at the known « level to make the algebraic
procedure linear. The averaging of the difference approxi-
mations to the derivatives is analogous to the Crank-
Nicolson procedure (3) for solving linear transient heat
conduction or diffusion problems.

The shear stress is shown as a function of « step size
in Figure 1, since it is an important function, sensitive
to changes in the velocity distribution. Using a large «
step has very little effect on the accuracy of the nonlinear
centered method, whereas the other methods deviate ap-
preciably even at relatively small values of Aa. At the
largest value of Ax shown, the deviation in the centered
method is only 0.3%. The related linear method has a
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Fig. 6. Wall-shear variation with tangential distance, Goertler
compressible, steady state equations.
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deviation this large for values of A« 1/10 as large. The
linear implicit method has the same deviation with Awa
1/20 as large.

The complete shear stress vs. « curve for the incompres-
sible problem is given in Figure 2. In addition to the
recomnmended method, solutions are shown for two re-
lated methods in the physical plane. The lowest curve,
based on the recominended method, can be regarded as
exact, since a very thorough study was made on the error
involved. Notice that at X = 0.121 the shear stress
vanishes corresponding to the point of boundary-layer
separation. It was possible to solve the equation up to
separation, although the separation point itself is a singu-
lar point and the boundary-layer equations become in-
valid.

Figure 2 shows that the solutions in the physical plane
agree with the exact solution except near separation. The
form of these solutions, however, is quite sensitive to
the initial profile used. As indicated previously, there is
no strictly correct initial profile in the physical plane,
since the leading edge is a singnlar point in the equations.

Compressible-Flow Treatment of Boundary Conditions

The Howarth-Dorodnitsyn transformation is used for
compressible-flow problems in which it is desirable to
stretch the normal distance coordinate. The advantage of
the transformation, which is applicable to general flow
geometries, lies in the explicit removal of the density from
the equations, especially the continuity equation. The
system still possesses singularities at the leading edge and
at separation. The transformed equations are in the form
of the equations for incompressible flow.

Several studies on methods of treating boundary con-
ditions were carried out as outlined in the discussion of
the difference method. For conditions corresponding to
the adiabatic boundary i, = 0, it is somewhat surprising
to note that apparently the uncentered backward differ-
ence approximation has been used in all prior work involv-
ing the boundary-layer equations.

Results of solutions using both the nonlinear implicit
method and the centered nonlinear implicit method are
shown in Figure 3. Results from three types of solutions
are shown: (1) results from the exact solution based on
starting profiles from a similar solution; (2) results based
on a step function initial enthalpy profile, with boundary
conditions treated by the backward method; and (3) re-
sults based on the step function initial enthalpy profile
with boundary conditions treated by the centered method.

Several conclusions can be formed from inspection of
Figure 3. First it can be seen that all the solutions using
inexact initial profiles fail to predict the correct adiabatic
wall enthalpy. Second, it can be seen that the solutions
using the centered method of treating boundary condi-
tions approach the correct wall enthalpy much more

quickly than the results based on the backward method.
In all cases the deviation from the correct value of 2.5 is
due to the singular behavior of the boundary-layer equa-
tions at X = 0.

Compressible Flow: The Goertler Plane

The Goertler-transformed equations were solved for the
compressible-flow problem by several different methods.
The wall shear variation with step size is shown in Figure
4 for the four related implicit methods discussed in the
incompressible case. Results are included for both the
adiabatic and the fixed wall-temperature cases. It can be
seen that the nonlinear centered method is much less
sensitive to step size than any of the other methods. Also,
the number of iterations per step is about one-half the
number required in the backward implicit method. Two
iteration procedures were used. In the first the momentum
and energy equations were advanced simultaneously until
constant values were obtained for both. In the second the
momentum equation was iterated until steady state was
obtained and then, by means of these values, the energy
equation was iterated to a steady state. The new energy
values were then used to correct the momentum equa-
tion. If the momentum value agreed to within 10 of
that calculated before the last energy-equation calcula-
tion, the whole procedure was advanced to the next «
level; otherwise the procedure was repeated at the same
a level. The adiabatic wall condition i, = 0 was used,
and the enthalpy variation with distance is shown in Fig-
ure 5. In this case the correct values are obtained starting
at the leading edge as opposed to the result obtained in
the Howarth-Dorodnitsyn plape. For a Prandtl number
of unity the adiabatic wall enthalpy takes on the constant
value 2.5 as predicted precisely by the Busemann rela-
tionship (2); however, for Ny, = 0.72 the Busemann
relationship does not hold, and it is interesting to note
that the adiabatic wall enthalpy is not constant but varies
slightly with position.

The variation of wall shear with distance for both the
specified wall-enthalpy case and the adiabatic-wall case
is shown in Figure 6. Comparison of the separation
points predicted here, a, = 0.0655 for N, = 0.72 and
a, = 0.060 for Np, = 1.0, shows the influence of the
Prandt] number on the separation point. The Mach num-
ber also affects the separation point, although it was not
studied specifically in this work. The separation point for
the compressible-flow problem is upstream from the in-
compressible-flow separation point.

Typical Profiles

Profiles of A, the stream function variable, at specified
positions on the boundary for the incompressible flow are
shown in Figure 7. The initial profile denoted by o is
shown to indicate clearly the nearly similar behavior of
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Fig. 7. Stream function profiles, Goertler in-
compressible, steady state equations. Aa =
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the Goertler variables even up to the separation point,
denoted by a.. This behavior promotes accuracy in the
numerical procedure and contrasts with the physical
plane, where the profiles change markedly with position.

Figure 8 gives the profiles of h and of i for the corre-
sponding compressible-flow problem with N», = 0.72 and
the adiabatic wall condition. Notice that even in this case
the profiles change relatively slowly with position. The
marked increase in enthalpy in the boundary layer is the
result of viscous heating. It can be seen from the profiles
that the solutions were carried out to vahlies of B8 well
beyond the point where the boundary conditions were
satisfied. The infinite nature of the boundary conditions
caused no difficulty in the numerical procedure.

CONCLUSIONS

Several conclusions from the present work are sum-
marized:

1. The new method for solving the boundary-layer
equations applies to the equations in general form. The
method is faster and more accurate than methods pro-
posed previously.

2. In the numerical solution of the boundary-layer
equations the Goertler plane is preferable to the physical
plane or to other transformed planes. In the Goertler
plane there is no singularity at the leading edge where
the solution of the equation is initiated. The Goertler
equations, by also yielding slowly changing profiles of
the dependent variable, enhance accuracy.

3. The method of treatment of boundary conditions
involving normal derivatives has an important influence
on accuracy. A new method is proposed that is more ac-
curate than the methods previously reported.

4. Explicit difference procedures are not recommended
for application to boundary-layer problems involving an
adverse pressure gradient because of the severe step-size
limitation required for stability.

5. Methods of the Hartree-Womersly type are not
recommended for general application, although the meth-
ods have been used successtully by several workers. In-
herent stability and iteration-convergence problems in
the methods cast doubt on their applicability to general
problems.
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NOTATION

e = constant in the expression for exterior velocity
distribution, Equation (1)

¢* = velocity of sound at the reference state

¢, = specific heat »

F = viscosity-enthalpy relation, F = pu; Equation
(A7)

F. = derivative of the viscosity-enthalpy relation,

F, = dF/di, Equation (A.8)
h{e,8) = stream function of the Goertler transformed
equations. For incompressible flow, h(e, B) =
(2a)™* y(X,Y); for compressible flow, h(a, B)
= (2F )™ ¢(X,Y)
enthalpfz per unit mass

k= thermal conductivity

Np, = Prandtl number

S = constant in Sutherlands viscosity law, Equation
(A7)

T = femperature

U = dimensionless tangential-velocity component par-
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allel to the boundary. For incompressible flow,
U = U*/U,; for compressible flow, U = U*/c*

U,(X) = exterior velocity distribution

V = dimensjonless normal velocity component V*
\/Pn/ (al"o)

X = dimensionless tangentjal distance along the

plate. For incompressible flow, X = X* a/U,; for
compressible flow, X = X*a/c".

Y = dimensionless normal distance from the plate,
Y =Y*\/p./ap.

Greek Letters

a = tangential distance along the plate, Goertler
transformed plane = {7 U,(X)dX

B = normal distance to the plate, Goertler trans-
formed plane. For incompressible flow, 8 = ¥
U.(X)(2a)™*; for compressible flow, 8 = [U.(X)
(2F «)™] [T pdY

v = ratio of specific heats

A = principal function of the Goertler transformed
equations, 7(a) = 2edIln (U,(a))/da

p = dimensionless density, p*/p,

T = shear stress. For incompressible flow, * U,
Vapo; for compressible flow, +*[(c*)%apop.]"*

¥ = stream function in the physical plane. For incom-
pressible flow, Y = U and yz = — V; for com-
pressible flow, ¢y = pU and ¢z = — pV

Subscripts

e = exterior to the boundary layer

k= mesh points in 8 direction

l = mesh points in « direction

0 = constant denoting reference state

$ = separation point

w = wall or boundary value

o = infinite flow

Superscripts

* = dimensional quantities
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APPENDIX

For compressible flows, the infinite flow conditions that are
independent of the coordinate system and the body shape
must be known. The Prandtl number Pr, the ratio of the spe-
cific heats v, the constant S of Sutherlands viscosity law (used
throughout this work), the temperature T, and the Mach
number M are sufficient to describe the infinite flow.

The compressible Goertler-transformed boundary-layer equa-
tions as considered in this work combine the Howarth-Dorod-
nitsyn transformation (4) with the Goertler transformation
(8). The Howarth-Dorodnitsyn transformation is incorporated
in the transformation, since it stretches the normal direction
coordinate, which decreases the magnitude of the normal di-
rection derivatives and the truncation error of the finite dif-
ference approximations. The dimensionless compressible Goert-
ler-transformed boundary-layer equations, including viscous
dissipation and variable tluid properties, for an ideal gas are

hess + [(Fi/F)ig + hlhgs —

x(a)[;_ (hm] — % [hohsa—hgphdd Al

2o
and

tea[ (F+/F )is + h Prlig + Pr U (a) [ (hss)® +

Aa) — By ] == 2aPr [Ry ia — ha 5] A2
[

The exterior velocity distribution, the exterior enthalpy distri-
bution, the principal function, and the wall shear are given by

Uy(a) = [Us— 2al*? A3
ie(ﬂ)=in_1/2Ua+Ot A4
din Ue(a)
A= 2¢ ———— A5
de
and

FW 1/2

Tw = ( —‘> Ue“(DL) hﬂplm A6
2o

respectively. The viscosity function F and its derivative are
given by
eie (14 S/T. o
F o= pu= f—————)— NG AT
ie (S/To + i/lo)
and i
F  F(S/T,—i/i,
—_—= ———————( 4 /i) A8
di 2i(S/ T, + i/is)

For similar flows the stream function h is independent of «
and the principal function A is constant, The Goertler-trans-
formed equations reduce to Equations (A.1) and (A.2) with
the right-hand sides set equal to zero. The conditions are

B=10: h=hs=i=0 g—> c0o: he—> 1, 1 de(a)

These equations and conditions are derived and discussed
more fully in reference 7.

The Difference Equations

For the flow geometries considered in this work, the exact
initial profiles were obtained with similar equations, since the
principal function at the leading edge is zero. The recom-
mended nonlinear finite difference equations that approximate
the similar equations are

Fy
(Ws8) + [?(iﬂ') + (h')] (h”g) =0 A.10
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F ’
(748 + [ = i) + Pr(h’)] (i) + PrU#(Wss)* = 0
All

The form of the initial profiles that are necessary to start the
solution of the difference equations had no effect on the ac-
curacy of the final solution; therefore a linearly increasing
stream function profile and a uniform enthalpy profile with
magnitude i.(0) are recommended. When the ‘initial profiles

have been obtained, the recommended nonlinear finite-differ-
ence equations

’

F.
(h”ss5) + [—FT (ig") + (h')] (h”8s) — (X) (hy') (he")

[ ~ (Z: (has) + i:T) <hp'>] (he") +

[ S +(—Za~)<hceﬂ>] (h") — (1) (he)? =

Aa

— (hgsa) —[ (%) (ig) + (h)] (hee) +

[ ) X ] (hs) + [(—A“:— (hss) +

A Aa

()

MG () ()
AQ s - .

’

(R'ea) ] (h) — A.12

1o 1o

Fy
("68) + [<?) (ig’) + Pr {(h') +
(o a
A () — o) H () —

2Pr [(e')(he') + () (R)] (i) = —(iss) +

F.
et () () + () ()1 ] (22 ) +
() + (@)
pr{ () +T“”"‘””H (i) —

Pf{Uaz(vt')(h'ﬁts)2 4+ Ul(a)(hg)?—

4 i
(—,2—(7»’)(hs’)——(_—)—(7»)(ha)} A13
(1e') (19)

that approximate the Goertler compressible equations are used
to propagate the solution downstream. For the momentum
equation one obtains at each mesh column a system of alge-
braic equations that are solved by the Crout-Banachiewicz
algorithm for a pentadiagonal matrix. The energy equation
yields at each mesh column a system of algebraic equations
that are solved by the Crout-Banachiewicz algorithm for a
tridiagonal matrix.

For flux-type boundary conditions such as the adiabatic wall
condition, the differential equations must be satisfied at the
wall and the difference analogs of all normal direction deriva-
tives preferably should be consistent with the analogs used
throughout the flow field, that is central divided differences.
Energy equation (A.2), valid at the wall,

iss + Nee Ul(@) W5 = 0 (A.14)
is obtained by utilizing the boundary conditions (A.9) with
adiabatic wall condition. The finite difference analog of this
equation is obtained by replacing all derivatives by central
divided differences. The boundary condition is = 0 is used
in the Taylor expansion for s to eliminate the need for image
or pseudo peints below the boundary.
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